An improvement of membrane behaviour of the four-node shell element with 24 degrees of freedom DKMQ24 proposed by Katili et.al (2015) is presented. This improvement is based on the different approximation of drilling rotations based on Allman's shape functions. This element, called DKMQ24+, was tested on eight standard benchmark problems for the case of linear elasticity. The element is free of shear and membrane locking and exhibits lower numerical error for the membrane and the membrane-dominated problems.
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Introduction
Finite element modeling of shell structures is of great practical importance in engineering practice.
Therefore there is a need for an efficient shell element, which would have an optimal convergence rate for different kinds of problems (membrane dominated, bending dominated and mixed shell problems), which would be at the same time free of shear locking, free of membrane locking, without zero energy modes and which would keep the optimal convergence rate also on distorted meshes. Especially, it is desired to find an optimal low-order shell element, which would provide the highest benefit-cost ratio when used in practical engineering applications. To find such an element is a tremendous task, not solved until today.
Let us restrict ourselves in this paper to 4-nodal quadrangle shell elements, based on the linear approximation of the transversal shear (the Reissner-Mindlin concept), which use both translational and rotational degrees of freedom in a node. Moreover, let us concentrate on the case of small deformations, however, an extension to the case of large deformations, keeping the small strain assumption, can be easily made in the corotational approach [1, 2, 3] , in which no change of the element formulation is needed.
In order to construct a quadrangle shell element, it is possible to either consider a flat element geometry, by which however it is necessary to use the warp correction term [4] in the element formulation, or a warped element geometry. The formulations of flat quadrangles can be found in [5, 3, 6, 7, 8] . The formulations using a non-flat geometry include the QUAD4 element suggested by MacNeal [9] , the famous MITC4
(Mixed Interpolation Tensorial Components) element proposed by Dvorkin and Bathe [10] , which was further extended to the so called MITC4+ element [11, 12] . Another extension of the MITC4 element called MITC4S was introduced by Niemi [13] . Other recent formulations can be found in Gruttmannn [14] , Kim [15] or Katili [16] . The last mentioned citation introduces the DKMQ24 shell element, based on the Naghdi/Reissner/Mindlin shell theory with six degrees of freedom per node. This shell element is an extension of the DKMQ (Discrete Kirchhoff-Mindlin Quadrangle) plate element suggested by the same author, which proved to have good numerical properties on a wide set of problems [17] . The DKMQ24
shell element has full coupling of membrane-bending energy, is free of shear locking, free of membrane locking and proved to converge on a wide set of standard benchmark problems [16] . It was successfully applied to orthotropic multilayered shells [18] and to a beam analysis [19] .
The DKMQ24 shell element can be, due to its good numerical properties, considered as a promising candidate for the efficient low order quadrangle shell element. However, despite its numerical efficiency, it suffers from one drawback -the drilling rotations are independent of the remaining degrees of freedom.
The stiffness matrix of the DKMQ24 shell element has a full rank due to stabilization, however, the drilling rotations do not enrich the displacement interpolation space while increasing computation costs at the same time. One possibility how to avoid this inefficiency would be to use five degrees of freedom per node only, which was proposed by Irpanni [20] . However, from a practical point of view it is of benefit to have six degrees of freedom in a node in order to easily connect more arbitrary oriented shell (or beam) elements to a single node.
The aim of our contribution is to modify the formulation of the DKMQ24 element in order to overcome this imperfection. Our proposal is to incorporate drilling rotations with the help of Allman's shape functions [21] in the element formulation. This enriches the in-place displacement field with incomplete quadratic functions and improves the membrane behaviour of the element. The modified element formulation is named DKMQ24+. It was tested on eight well-established benchmark problems, which showed that it is free of shear locking, free of membrane locking, converges in all considered test cases, and provides the reduced numerical error in the membrane-dominated problems.
The practical implementation of the DKMQ24 and DKMQ24+ shell elements was done in the C# programming language using the Microsoft .NET Framework technology as a part of the finite element program femCalc [22] .
In Section 2 we give a full and detailed derivation of the DMKQ24 shell element introduced in [17] . In Section 3 modifications of the DKMQ24 element, which construct the DKMQ24+ element, are introduced.
In Section 4, a comment to practical implementation is given. In Section 5, convergence behaviour of the DKMQ24 and DKMQ24+ elements on pure membrane, pure bending and on mixed membrane-bending benchmark problems is tested and discussed. Closing remarks are given in Section 6.
Formulation of the DKMQ24 shell element
In this Section a detailed derivation of the DKMQ24 shell element, introduced in [16] , is given. The reason for this decision is that in the reference [16] some parts of the derivation are not present. 
Element characterization
The presented shell element is four-nodal with six unknowns at each node (three displacements [u X , u Y , u Z ] and three rotations [ϕ X , ϕ Y , ϕ Z ] in the global c.s.). The element is considered to be curved and considers full coupling between membrane and bending terms. Linear elasticity theory is assumed in the whole article.
Definition of rotations
Rotations ϕ x , ϕ y , ϕ z are defined using the standard definition, i.e. as rotations about axes x, y, z using the right-hand-rule. Rotations ϕ x , ϕ y can be equivalently defined as rotations of axis z towards the axis x or y respectively, denoted by β x , β y . The relation between these definitions is the following (see Figure 1) :
(1)
We use rotations β x , β y during the derivation of the element, because it is more convenient. However, the final formulation of the DKMQ24 shell elements is given in the standard nodal rotations ϕ x , ϕ y , ϕ z .
Coordinate system
The geometry of an isoparametric curvilinear shell element in the reference configuration is described
where
] is the location of the i-th node in the reference (undeformed) configuration, h is a shell thickness and n i is a given normal vector at node i, see Figure 2 . The shell thickness h in Eq. (3) is assumed to be constant in derivation of the strain matrices (similar to the approach used in [23] ). Actual thickness and its variation within the element is introduced into the constitutive relations only (Eq. (39, 40, 41) ). This approximation is tested in the tapered cantilever benchmark problem in Section 4.8. The basis functions are summarized in Table 1 . At this point we can calculate a covariant vector basis with respect to all parameters
where we have used notation
∂s . These vectors are in general neither orthogonal nor orthonormal. Let us denote
Let us define a normal vector at any point (r, s) by
with the help of which we define normal vectors at nodes n i = v 3 (r i , s i ), i = 1, . . . , 4. These vectors are used in Eq. (3). The remaining orthonormal vectors v 1 (r, s) and v 2 (r, s) can be obtained simply by
where the vectors v 1 , v 2 and v 3 comprise the local coordinate system. If an orthotropic material of the shell is considered, the vector v 1 is usually chosen to be collinear with the direction of fibers. 
Transformation between global and local coordinate systems
The local orthonormal coordinate system v 1 (r, s), v 2 (r, s), v 3 (r, s) forms the transformation matrix where we have used the definition of the vector multiplication v 3 = v 1 × v 2 . The last term in equation (15) contains supplementary degrees of freedom β t,k (see Figure 3) . The supplementary degrees of freedom enrich the rotation approximation in the tangential t-direction, where the quadratic approximation is considered. In the perpendicular m-direction to side k only linear approximation of rotation β m is used:
The supplementary degrees of freedom β t,k will be eliminated later on the element level, so that the only element unknowns remain three rotations and three displacements at each node (see Figure 4) . 
Jacobi matrix
The derivative of the nodal location in the global coordinate system (3) with respect to parameters r, s, t yields
The Jacobi matrix needed for the calculation of the membrane stiffness term yields
For the calculation of the bending stiffness term the following term is also needed: lim t→0
∂(X,Y,Z) . By recalling the matrix identity
which follows from the derivation of the identity matrix I = AA −1 , we get
where upper indices denote dual vectors 1 . Rows of the J matrix are explicitly denoted by vectors
Displacement derivatives
The derivative of the displacement field (15) with respect to parameters r, s, t yields
Membrane and bending strain matrices
The vector of element unknowns q of size 24 × 1 is composed in the following way
The membrane and bending strain matrices can be calculated in the local coordinate system using the strain definition
Using the chain rule we get
and analogously for the remaining derivatives ∂uy ∂x and ∂uy ∂y . The membrane strain ε yields
where the columns are indexed by index j. The bending strain κ yields
,
where the columns are indexed by index j and k respectively (no summation over these indices is considered).
Strain energy and constitutive relations
The expression for the strain energy of the element reduces to the standard form:
where the vector of unknowns q is given in formula (26) . The stiffness matrix of an element e is given by the formula
and A is an area of the element e, B b is the bending strain matrix defined in equation (33), B m is the membrane strain matrix defined in equation (31) and K stab is a matrix stabilizing drilling rotations specified later in Eq. (67). The elasticity matrices in equation (38) equal in case of single-layered shells made of isotropic material to
Actual thickness and its variation within the element is accounted for in the calculation of
matrices. The strain resultants evaluated in the Gauss quadrature points are
and analogously the stress resultants evaluated in the Gauss quadrature points are
The stress resultants m, n are defined in the local coordinate system defined by vectors v 1 , v 2 . If it is desired to get the stress resultants in other coordinate system v 1 , v 2 , we use the transformation
T 2 12
The bending strain matrix B b and the shear strain matrix B s are derived to depend also on supplementary degrees of freedom β t,k . These supplementary degrees of freedom are then eliminated with the help of the matrix A n,4×24 , which relates them to nodal degrees of freedom as follows:
The assembly of the bending stiffness matrix is then given by
The shear stiffness matrix takes the form
Evaluation of shear matrix
Matrix B s, β,2×4 , which relates the transversal shear strains to the supplementary rotations β t,k , is identical to the same matrix used in the DKMQ plate element [17] . We recap the derivation for completeness.
Let us evaluate an average transversal shear strain on each side. Taking an arbitrary side k, the directional parameter is denoted by t. The transversal shear strain in direction t has the form
where q t is a shear internal force and D s is the shear stiffness, which in case of single-layered isotropic shells equals to 5 6 Gh, where G is the shear modulus and h is an average shell thickness on side k. The stress equilibrium yields
and Hooke's law has the form
where D b is an average bending stiffness on the side k, which in case of single-layered isotropic shell equals to
, where E is Young's modulus and h the shell thickness. We now consider a linear approximation of angle β in normal m-direction and quadratic in tangential t-direction according to Eq. (19) . Both approximations do not depend on the m-direction, which immediately yields
We see that the transversal shear approximation γ tz is constant on the side. If we would like to transform these shear strains back to the reference plane, we have to incorporate the determinant of the transformation and also the parametrization sign change, see Figure 5 :
As in the MITC4 element [10] transverse shear strains are approximated with
so we finally get
β t,7 
Evaluation of matrix A n
We use the Hu-Washizu functional according to which
where γ tz is a shear approximated from displacement and γ tz is an average shear approximated by Eq.
(51). We have
By rewriting the scalar unknowns to vector ones we get
In the matrix form the equation (63) takes the form
where n k is the normal vector corresponding to the side k starting with node i and ending with node j.
Finally, the supplementary rotations β t,k can be evaluated by the following equation
Drilling rotations stabilization
The shell element must be stabilized with respect to drilling rotations ϕ z in order to avoid the singular stiffness matrix, which appears if a node connects coplanar elements. We follow the stabilization procedure given in [16] . The added energy, which stabilizes drilling rotation has the form
where c 1 is the penalty constant. The value c 1 = 0.001 is considered in our implementation of the DKMQ24 element as well as in [16] . The corresponding stiffness matrix in the global coordinate system has the form:
Gh
The first term is called the MacNeal stabilization and has rank 1, the second has rank 3. It can be proven that such a matrix removes all zero energy modes connected with drilling rotations [16] .
Numerical integration
Elements are integrated by means of the standard 2 × 2 Gauss quadrature except of the stabilization term (67), for which a reduced one-point integration rule is used.
Improvements to the DKMQ24 shell element
In this Section we introduce two modifications of the DKMQ24 shell element, derived in Section 2.
The treatment of drilling rotations
In the original derivation drilling rotations are stabilized according to formula (66), which causes the local element stiffness matrix to have a full rank even for the coplanar element configuration. However, this treatment keeps drilling rotations independent from the remaining degrees of freedom and as a consequence the element behaviour is not improved although we pay for these additional degrees of freedom by an increase in computational costs. Therefore, we use the approach proposed in [25] , where the drilling rotations are considered as derivatives of the in-plane displacement field. The space of basis functions is enriched by incomplete quadratic polynomials in this case.
Let us start with calculation of a rotation around a normal vector n at an arbitrary point (r, s)
The displacement field u =
given by formula (15) is then enriched by the following term where start node I(k) and end node J(k) for the side k = 5, 6, 7, 8 is given by
and l k is the in-plane normal vector corresponding to the side k, see Figure 4 , given by
where Figure 6 . The membrane strain field ε = ε x (r, s) ε y (r, s) γ xy (r, s)
given by formula (32) is enriched by the term
, where
where the vector e i is a zero vector with 1 at index i. The bending strain field κ given by Eq. (35) stays unchanged. To conclude this section, let us remark that the DKMQ24 shell element has improved bending behaviour, due to quadratic enrichment of the displacement field with the help of out-of-plane rotations ϕ x , ϕ y and in the same manner, the DKMQ24+ shell element has improved membrane behaviour due to quadratic enrichment of the displacement field with the help of in-plane (drilling) rotations ϕ z .
The static condensation
We enrich the displacement field by a bubble mode according to the approach given in [25] . Two new degrees of freedom u 1 , u 2 corresponding to the mid-element node 9 are considered:
The corresponding strain vector has the form
These additional degrees of freedom are statically condensed out on the element level, therefore the shell element has again 24 degrees of freedom. The static condensation is based on standard procedure applied on the membrane part only (Appendix B). The statically condensed strain matrix B takes the form
Penalty term
The drilling rotations stabilization term (66), used in the case of the DKMQ24 shell element, is not used in case of the DKMQ24+ shell element. However, a penalty term which forces the drilling rotations ϕ z (r, s) to be equal to a rotation of the displacement field ψ at the same point, derived by Hughes and Brezzi [25] , is considered. The energy term takes the form
and c 2 is the penalty constant and is taken as c 2 = 10 −6 in our implementation. The corresponding stiffness matrix in the global coordinate system has the form:
The one point integration rule is used to integrate the stiffness matrix (84) in order to relax the prescribed condition (77).
Convergence tests
The behaviour of the DKMQ24 and DKMQ24+ elements has been tested on eight well-established benchmark problems, including one pure membrane benchmark problem suggested by Cook [26] , six shell and plate benchmark problems suggested by MacNeal and Harder [27] and Belytscho [28] , which were reused by Katili [16] and one plate benchmark problem which incorporates a varying shell thickness. We compare the results of the DKMQ24 element from [16] and of the DKMQ24 and DKMQ24+ elements from our implementation. In all cases, the geometric and material linearity is considered and there is no initial deformation. The standard Cook's membrane problem tests an element behaviour for the case of in-plane shear loading. The problem also tests the effect of mesh distortion. The membrane is fully fixed at X = 0 and loaded by a distributed force at X = L 1 (see Figure 7) . The Z-component of the displacement is evaluated at the test point A. The analytical solution for this example is not available, therefore the reference solution is obtained numerically using the DKMQ24+ element on the refined mesh 192×128. The numerical results are summarized in Table 3 . We observe massive reduction of the relative error in case of the DKMQ24+ shell element in comparison to the DKMQ24 shell element. The hemispherical shell problem, consisting of a hemisphere loaded by four opposite single forces, is depicted in Figure 8 . From symmetric reasons only one quarter of a hemisphere is calculated, due to which the following symmetry conditions are applied: u Y = ϕ X = ϕ Z = 0 on the side AC, u X = ϕ Y = ϕ Z = 0 on the side BC. Additionally, the following boundary condition is applied at point C: u Z = 0. The analytical solution to this problem is given by [27] as u X (A) = −u Y (B) = 0.0924 m. As we can see in Table 4 , the DKMQ24+ shell element exhibits superior performance if compared to the DKMQ24 shell element at all test cases. Note that this example is sensitive to quality of the mesh and also it is the only benchmark in our set, for which the mesh is not exactly specified by its depiction in Figure 8 . solution is given in [30] .
With this benchmark problem we test not only nodal displacements, but also values of the nodal stressresultants. We point out that these values are extrapolated from values given in the Gauss quadrature points. The comparison of displacements in Tables 5 and 6 The pinched cylinder, depicted in Figure 10 , is loaded by two opposite pinching forces F . The cylinder has a rigid diaphragm at both ends. Only one eighth of the model is calculated due to symmetries (to which the force is a usual value for this standard benchmark example [28] instead of the value 30000 MPa used in [16] .
The uniform and the distorted mesh are analyzed. For the distorted mesh a bias factor, i.e. the ratio of the largest and smallest element edge, of 10 is used. The analytical solution for the case h = 0.03 m is based on the Kirchhoff theory proposed by Lindberg, et. al. [31] , which follows the solution of Flügge [32] , and equals to u Z (C) = −1.825 mm. The analytical solution for the case h = 0.3 m, taken from [33] , is based on the Mindlin theory and equals to u Z (C) = −0.01261 mm. However, as reported in [16] and according to our numerical results, the numerical results converge to slightly larger values. Therefore, numerical values results for DKMQ24+ shell elements on mesh 128 × 128 are taken as reference values.
The numerical results presented in Tables 9-12 reveal slow convergence of the all considered elements, which is in concordance with other authors [28, 34] and is a consequence of a single point loading. At this Reference solution [30] DKMQ24 The hyperbolic paraboloid shell problem is depicted in Figure 11 . The shell middle surface is described by Z = b a 2 XY . The shell is loaded by a self-weight, where gravitational acceleration is considered to be g = 10 m s −2 . The shell is fully clamped on all sides ABCD, i.e.
The analytical solution is taken from [35] . Our implementation shows slightly better results on coarser meshes. The results are otherwise almost identical and we can observe that our modification from Section 3 does not play an important role in case of this benchmark. A shell strip of length L, width b and thickness h is twisted in the undeformed configuration by angle π 2 between points O and A (see Figure 12 ). The strip is clamped at X = 0 and loaded by a single force [0, F Y , F Z ] at point A. The shell middle surface is described by:
The example was introduced by MacNeal and Harder [27] and represents an important test example at which many flat quadrilateral shell elements fail to converge. This is with accordance with our numerical experience, which shows that the DKMQ24/DKMQ24+ elements fail to converge if the coupling term, including derivatives of the element normal with respect to reference coordinates (34), which is identicaly zero for flat elements, is missing. The analytical solution based on the beam theory (which ignores the deformation in the transverse direction) is taken from [16] . Four different settings of loading forces and shell thicknesses were tested, see Tables 14-17 Reference solution [36] DKMQ24 A fully clamped pressure loaded square plate with distorted mesh is considered (see Figure (13 
)).
Only one quarter is computed due to symmetries. Boundary and symmetry conditions are as follows: Table 18 : Deflection u Z (C) for the plate with distorted mesh u Y = ϕ X = ϕ Z = 0 on side CD. This benchmark problem tests sensitivity to mesh distortion. The reference solution is taken from [37] 2 . This benchmark is taken as an example of pure bending, where our modifications of the membrane part of the DKMQ24 element does not play any role. Table 18 reflects this fact, where results of our implementation of both DMKQ24 and DKMQ24+ elements are identical.
However, these results are slightly better than results taken from [16] . 
Conclusions
The new quadrangle shell element DKMQ24+ with four nodes and six degrees of freedom per node, based on the DKMQ24 quadrangle shell element introduced by Katili et al. [16] , with improved membrane behaviour was introduced, fully derived and tested on a set of standard benchmark problems.
The new shell element DKMQ24+ exhibits superior behaviour on pure membrane problems and on shell problems, in which the in-plane loading is significantly present. Moreover, accuracy of the stressresultant values is significantly improved as shown on the Scordeli-Lo roof problem. On shell problems with prevailing bending loading the elements DKMQ24+ and DKMQ24 deliver similar results. On pure bending problems both elements are identical.
The DKMQ24+ shell element passes all our convergence tests, without presence of neither shear locking nor membrane locking and converges in all considered cases to the reference solution. Moreover, our modification, based on the quadratic enrichment of the in-plane approximations with the help of drilling rotations, does not introduce any additional computational costs when compared to the DKMQ24 shell element. To conclude, the DKMQ24+ shell element could be considered as a replacement of the DKMQ24 shell element.
Appendix A -Analytical solution to tapered cantilever beam benchmark
The beam deflection without consideration of shear is described by the Euler-Bernoulli equation
where for the rectangular tapered cross-section we have I(X) = 
Appendix B -Static condensation
We consider the following system of equations defined on a single element e 
If we eliminate the unknown q n , we get the eliminated system of equations of the form 
From the programming point of view the following equivalent form can be advantageous
because the condensation is implemented only on the strain matrix level.
